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components

 
§  components: nodes, vertices   N
 
§  interactions:  links, edges    L
 
§  system:    network, graph (N,L)



undirected vs directed
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DEGREE, AVERAGE DEGREE,
AND DEGREE DISTRIBUTION

SECTION 2.3

A key property of each node is its degree, representing the number of 
links it has to other nodes. The degree can represent the number of mobile 
phone contacts an individual has in the call graph (i.e. the number of dif-
ferent individuals the person has talked to), or the number of citations a 
research paper gets in the citation network. 

Degree

We denote with ki the degree of the ith node in the network. For exam-
ple, for the undirected networks shown in Figure 2.2 we have k1=2, k2=3, 
k3=2, k4=1. In an undirected network the total number of links, L, can be 
expressed as the sum of the node degrees: 

         
      .

Here the 1/2 factor corrects for the fact that in the sum (2.1) each link is 
counted twice. For example, the link connecting the nodes 2 and 4 in Figure 
2.2 will be counted once in the degree of node 1 and once in the degree of 
node 4. 

Average Degree

An important property of a network is its average degree (BOX 2.2), which 
for an undirected network is

         
    

In directed networks we distinguish between incoming degree, ki
in, rep-

resenting the number of links that point to node i, and outgoing degree,        
ki

out, representing the number of links that point from node i to other 
nodes. Finally, a node’s total degree, ki, is given by

         
    

For example, on the WWW the number of pages a given document 
points to represents its outgoing degree, kout, and the number of docu-
ments that point to it represents its incoming degree, kin. The total number 

GRAPH THEORY

(2.1)

(2.2)

(2.3)

BOX 2.2
BRIEF STATISTICS REVIEW

Four key quantities characterize 
a sample of N values x1, ... , xN : 

Average (mean):

The nth moment:

   
 

Standard deviation:
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N – the number of nodes in the graph
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degree distribution

P(k) =
Nk

N
probability that a random chosen
node has degree k

⟨k⟩ = ∑
k

kP(k)

⟨k2⟩ = ∑
k

k2P(k)

σ2 = ⟨k2⟩ − ⟨k⟩2



real world networks



real world networks

linear scale

log scale

Poisson 
(homogeneous)

vs 

power-law 
(heterogeneous)

Broad degree 
distributions

Power-law tails

No characteristic scale

P(k) ∼ k−γ , 2 < γ < 3



adjacency matrix

Aij=1 if there is a link between node i and j
Aij=0 if nodes i and j are not connected to each other.
	

Note that for a directed graph (right) the matrix is not symmetric.
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adjacency matrix
U
nd
ire
ct
ed

2 3

1

4

� 

Aij =

0 1 0 1
1 0 0 1
0 0 0 1
1 1 1 0

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 

� 

k j = Aij
i=1

N

∑

� 

L =
1
2

ki
i=1

N

∑ =
1
2

Aij
ij

N

∑

D
ire
ct
ed

kj
out = Aij

i=1

N

∑

� 

L = ki
in

i=1

N

∑ = k j
out

j=1

N

∑ = Aij
i, j

N

∑

4

2 3

1

Aij =

0 0 0 0
1 0 0 1
0 0 0 1
1 0 0 0

!

"

#
#
#
#

$

%

&
&
&
&

� 

Aij = A ji

� 

Aii = 0

� 

Aij ≠ A ji

� 

Aii = 0

kini =
NX

j=1

Aij



Real networks are sparse!



The maximum number of links a network 
of N nodes can have is:

	
	 � 

Lmax =
N
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = N(N −1)

2

A graph with degree L=Lmax is called a complete graph, 
and its average degree is <k>=N-1

	
	



WWW (ND Sample): N=325,729; L=1.4 106 Lmax=1012 <k>=4.51
Protein (S. Cerevisiae): N=    1,870; L=4,470 Lmax=107 <k>=2.39 
Coauthorship (Math): N=  70,975; L=2 105 Lmax=3 1010 <k>=3.9
Movie Actors: N=212,250; L=6 106 Lmax=1.8 1013 <k>=28.78

(Source: Albert, Barabasi, RMP2002)

Most networks observed in real systems 
are sparse

L ≪ Lmax ⟨k⟩ ≪ N − 1



The adjacency 
matrix of the yeast 
protein-protein 
interaction network, 
consisting of 2,018 
nodes, each 
representing a yeast 
protein.

The adjacency 
matrix is not 

efficient to store

the network
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bipartite networks
bipartite graph (or bigraph) is a graph whose nodes can be divided into 

two disjoint sets U and V such that every link connects a node in U to one 
in V; that is, U and V are independent sets. 

	
	
	

Examples 
actor network

collaboration network

host-pathogen networks 



bipartite networks

http://atlas.cid.harvard.edu/

The Atlas of  
Economic Complexity 

C. Hidalgo 

http://atlas.cid.harvard.edu/


bipartite networks

Gene network

GENOME

PHENOMEDISEASOME  

Disease network

Goh, Cusick, Valle, Childs, Vidal & Barabási, PNAS (2007)



paths
A path is a sequence of nodes in which  each node is adjacent to the next one

Pi0,in  of length n between nodes i0 and in is an ordered collection of n+1 nodes and n links 
 

� 

Pn = {i0,i1,i2,...,in}

� 

Pn = {(i0 ,i1),(i1,i2 ),( i2 ,i3 ),...,( in−1,in )}

(a) path of length 5

(b) two paths of equal 

length



distance
The distance (shortest path, geodesic path) between two 
nodes is defined as the number of edges along the shortest 
path connecting them. The diameter of a graph is the length 
of the longest geodesic path between any pair of vertices in 
the network for which a path actually exists. 
*If the two nodes are disconnected, the distance is infinity.

In directed graphs each path needs to follow the direction of 
the arrows.
Thus in a digraph the distance from node A to B (on an AB 
path) is generally different from the distance from node B to A 
(on a BCA path).D
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paths
Nij,number of paths between any two nodes i and j: 
 
Length n=1: If there is a link between i and j, then Aij=1 and Aij=0 otherwise. 

Length n=2: If there is a path of length two between i and j, then AikAkj=1, and AikAkj=0 otherwise.
The number of paths of length 2:

� 

N
ij

(2) = Aik
k=1

N

∑ Akj = [A2 ]ij

Length n: In general, if there is a path of length n between i and j, then Aik…Alj=1 
and Aik…Alj=0 otherwise.
The number of paths of length n between i and j is* 

� 

N
ij

(n) = [An ]ij



paths
Diameter:	dmax			the	maximum	distance	between	any	pair	of	nodes	in	the	graph.		

	

Average	path	length/distance,	<d>,		for	a	connected	graph:	average	distance	between	

all	pairs	of	nodes	in	the	network,		where	dij	is	the	distance	from	node	i	to	node	j	

																																						

	

In	an	undirected	graph	dij	=dji	,	so	we	only	need	to	count	them	once:	

⟨d⟩ =
1

2Lmax ∑
i,j≠i

dij

⟨d⟩ =
1

Lmax ∑
i,j>i

dij



paths: summary

2	 5	

4	3	

1	

l1!4

l1!4

l1!5

Shortest	Path		

l1!5 = 2

l1!4 = 3

The	path	with	the	shortest	
length	between	two	nodes	

(distance).		



paths: summary

2	 5	

4	3	

1	

Diameter	

l1!4 = 3

2	 5	

4	3	

1	

Average	Path	Length	

(l1!2 + l1!3 + l1!4+

+ l1!5 + l2!3 + l2!4+

+ l2!5 + l3!4 + l3!5+

+ l4!5) /10 = 1.6

The	longest	shortest	path	in	
a	graph	

The	average	of	the	shortest	paths	for	
all	pairs	of	nodes.	



connectivity
Connected (undirected) graph: any two vertices can be joined by a path.
A disconnected graph is made up by two or more connected components.   

Bridge: if  we erase it, the graph becomes disconnected. 

Largest Component: 
Giant Component

The rest: Isolates
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connectivity
The adjacency matrix of a network with several components can be written in a block-
diagonal form, so that nonzero elements are confined to squares, with all other elements 
being zero:



connectivity in directed graphs
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Strongly connected directed graph: has a path from each node 
to every other node and vice versa 


Weakly connected directed graph: it is connected if we disregard 
the edge directions.



real world networks

Frigyes Karinthy, 1929
Stanley Milgram, 1967

Peter

Jane

SarahRalph Small world effect



six degrees of separation
Stanley Milgram (1967)


Two targets in Boston and 
Sharon, MA. 


Randomly selected residents of 
Wichita and Omaha were asked 
to forward a letter to someone 
who is most likely to know the 
target person. 




six degrees of separation

24RANDOM NETWORKS THE EVOLUTION OF A RANDOM NETWORK

BOX 3.6
SIX DEGREES: EXPERIMENTAL CONFIRMATION

Six Degrees? From Milgram to Facebook

The first empirical study of the small world phenomena took 
place in 1967, when Stanley Milgram, building on the work of 
Pool and Kochen [20], designed an experiment to measure the 
distances in social networks [21, 22]. Milgram chose a stock bro-
ker in Boston and a divinity student in Sharon, Massachusetts 
as targets. He then radomly selected residents of Wichita and 
Omaha, sending them a letter containing a short summary of 
the study’s purpose, a photograph, the name, address and infor-
mation about the target person. They were asked to forward the 
letter to a friend, relative or acquantance who is more likely to 
know the target person. 

Within a few days the first letter arrived, passing through only 
two links. Eventually 64 of the 296 letters made it back, some, 
however, requiring close to a dozen intermediates [22]. These 
completed chains allowed Milgram to determine the number of 
individuals required to get the letter to the target (Figure 3.12a). 
He found that the median number of intermediates was 5.2, a 
relatively small number that was remarkably close to Frigyes 
Karinthy’s 1929 insight (BOX 3.7).
 
Milgram lacked an accurate map of the full acquaintance net-
work, hence his experiment could not detect the true distance 
between his study’s participants. Today Facebook has the most 
extensive social network map ever assembled. Using Facebook’s 
social graph of May 2011, consisting of 721 million active users 
and 68 billion symmetric friendship links, researchers found an 
average distance 4.74 between the users (Figure 3.12b). Therefore, 
the study detected only ‘four degrees of separation’ [18], closer 
to the prediction of (3.20) than to Milgram’s six degrees [21, 22]. 
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Figure 3.12

(a) In Milgram's experiment 64 of the 296 
letters made it  to the recipient. The fig-
ure shows the length distribution of the 
completed chains, indicating that some 
letters required only one intermediary, 
while others required as many as ten. The 
mean of the distribution was 5.2, indicat-
ing that on average six ‘handshakes’ were 
required to get a letter to its recipient. The 
playwright John Guare renamed this ‘six 
degrees of separation’ two decades later.  
After [22].

(b) The distance distribution, pd , for all pairs 
of Facebook users worldwide and within 
the US only.Using Facebook’s N and L (3.19) 
predicts the average degree to be approx-
imately 3.90, not far from the reported 
four degrees. After [18].

“I asked a person of intelligence how 
many steps he thought it would take, and 
he said that it would require 100 interme-
diate persons, or more, to move from Ne-
braska to Sharon.”

Stanley Milgram, 1969

Stanley Milgram (1967)


Two targets in Boston and 
Sharon, MA. 


Randomly selected residents of 
Wichita and Omaha were asked 
to forward a letter to someone 
who is most likely to know the 
target person. 




clustering coefficient

Watts	&	Strogatz,	Nature	1998.	

The clustering coefficient of a node captures the degree to 
which the neighbors of a given node link to each other, i.e. 

what fraction of your neighbors are connected?



clustering coefficient

Ci =
2Li

ki(ki − 1)

Watts	&	Strogatz,	Nature	1998.	

The clustering coefficient of a node captures the degree to 
which the neighbors of a given node link to each other, i.e. 

what fraction of your neighbors are connected?



clustering coefficient

⟨Ci⟩ =
1
N ∑

i

Ci

Watts	&	Strogatz,	Nature	1998.	

The degree of clustering of a whole network is captured by 
the average clustering coefficient, representing the 

average of C over all nodes i = 1,…,N

SECTION 10

CLUSTERING COEFFICIENT

The local clustering coefficient captures the degree to 
which the neighbors of a given node link to each other.  For 
a node i with degree ki the local clustering coefficient is de-
fined as [5].
        
      (19)

where Li represents the number of links between the ki 
neighbors of node i. Note that Ci is between 0 and 1:

Ci = 0 if none of the neighbors of node i link to each 
other; 

Ci = 1 if the neighbors of node i form a complete 
graph, i.e. they all link to each other (Image 2.7). 

In general Ci is the probability that two neighbors of a 
node link to each other: C = 0.5 implies that there is a 
50% chance that two neighbors of a node are linked. 

In summary Ci measures the network’s local density: 
the more densely interconnected the neighborhood 
of node i, the higher is Ci.

The degree of clustering of a whole network is captured by 
the average clustering coefficient, <C>, representing the av-
erage of Ci over all nodes i = 1, ..., N [5],
        
                .  (20)

In line with the probabilistic interpretation <C> is the 
probability that two neighbors of a randomly selected node 
link to each other. 

While Eq. (19) is defined for undirected networks, the 
clustering coefficient can be generalized to directed and 
weighted [6,7,8,9]) networks as well. Note that in the net-
work literature one also often encounters the global clus-
tering coefficient, defined in Appendix A.
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Image 2.15
Clustering Coefficient.

The local clustering coefficient, Ci , of the central node with degree ki=4 
for three different configurations of its neighborhood. The clustering 
coefficient measures the local density of links in a node’s vicinity. The 
bottom figure shows a small network, with the local clustering coefficient 
of a node shown next to each node. Next to the figure we also list the 
network’s average clustering coefficient <C>, according to Eq. (20), and 
its global clustering coefficient C, declined in Appendix A, Eq. (21). Note 
that for nodes with degrees ki=0,1, the clustering coefficient is taken to be 
zero. 

CLUSTERING COEFFICIENT | 41



clustering coefficient
the global clustering coefficient measures the total 

number of closed triangles in a network. Indeed, Li in the 
previous equation is the number of triangles that node i 
participates in, as each link between two neighbors of 

node i closes a triangle. 



real world networks
• Real world networks are 
highly clustered


• Average clustering coefficient 
can have values >0.5


•Triadic closure in social 
networks is a common 
phenomenon




measures of centrality
•Degree centrality

•Closeness centrality

•Betweenness centrality

•Eigenvector centrality

•Katz centrality

•Pagerank

…




betweeness centrality
Betweeness captures a node’s brokerage  

intuition: how many pairs of individuals would have to go 
through you in order to reach one another in the minimum 

number of hops?




betweeness centrality

€ 

CB (i) = g jk (i) /g jk
j<k
∑

gjk(i)
gjk = #shortest paths connecting j and k 

= #shortest paths connecting

 j and k through i



betweeness centrality

My Facebook graph


Node size is proportional 
to the degree


Node color is proportional 
to the betweenness



closeness centrality
Closeness is based on the length of the average shortest 
path between a node and all other nodes in the network.


It quantifies the reachability of a node.
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Katz centrality

CKZ(i) =
∞

∑
k=1

n

∑
j=1

αk(Ak)ji

Katz centrality computes the relative influence of a node within a 
network by measuring the number of the immediate neighbors 
and also all other nodes in the network that connect to the node 
through these immediate neighbors. Connections made with 
distant neighbors are, however, penalized by an attenuation 
factor 



Katz centrality

CKZ(i) = α
n

∑
j=1

AijCKZ( j)

Katz centrality computes the relative influence of a node within a 
network by measuring the number of the immediate neighbors 
and also all other nodes in the network that connect to the node 
through these immediate neighbors. Connections made with 
distant neighbors are, however, penalized by an attenuation 
factor 


