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Recap last lecture

Models Concepts

Erdos-Renyi model
Watts-Strogatz model
Configuration model

Chung-Lu model

Importance of scale-freeness
Giant component
Phase transitions



Origins of scale-free distributions
Growing networks

Assortativity and correlations
Bonus: Robustness

Today’s topics 

Models Concepts

Barabasi-Albert model
Bianconi-Barabasi model

Link/Copying model 



Network heterogeneity
Topological heterogeneity

Statistical analysis of centrality measures

Broad degree 
distributions

(often: power-law tails 
P(k) ∝ k-γ  ,
typically 2< γ <3)

No particular 
characteristic scale 
Unbounded fluctuations

Internet

Where does it come from?

networks expand through 
the addition of new nodes

Barabási & Albert, Science 286, 509 (1999)

BA MODEL: Growth 

ER model: 
the number of nodes, N, is fixed (static models)

6THE BARABÁSI-ALBERT MODEL

Nodes Prefer to Link to the More Connected Nodes
The random network model assumes that we randomly choose the in-
teraction partners of a node. Yet, most real networks new nodes prefer 
to link to the more connected nodes, a process called preferential attach-
ment (Figure 5.2). 

Consider a few examples:

• We are familiar with only a tiny fraction of the trillion or more docu-
ments available on the WWW. The nodes we know are not entirely ran-
dom: We all heard about Google and Facebook, but we rarely encoun-
ter the billions of less-prominent nodes that populate the Web. As our 
knowledge is biased towards the more popular Web documents, we 
are more likely to link to a high-degree node than to a node with only 
few links.

• No scientist can attempt to read the more than a million scientific pa-
pers published each year. Yet, the more cited is a paper, the more likely 
that we hear about it and eventually read it. As we cite what we read, 
our citations are biased towards the more cited publications, repre-
senting the high-degree nodes of the citation network.

• The more movies an actor has played in, the more familiar is a casting 
director with her skills. Hence, the higher the degree of an actor in the 
actor network, the higher are the chances that she will be considered 
for a new role.

In summary, the random network model differs from real networks in 
two important characteristics:

(A) Growth
Real networks are the result of a growth process that continuously 
increases N. In contrast the random network model assumes that the 
number of nodes, N, is fixed. 

(B) Preferential Attachment
In real networks new nodes tend to link to the more connected nodes. 
In contrast nodes in random networks randomly choose their inter-
action partners. 

There are many other differences between real and random networks, 
some of which will be discussed in the coming chapters. Yet, as we show 
next, these two, growth and preferential attachment, play a particularly im-
portant role in shaping a network’s degree distribution.

Networks are not static, but grow via the 
addition of new nodes:

(a) The evolution of the number of WWW 
hosts, documenting the Web’s rapid 
growth. After http://www.isc.org/solu-
tions/survey/history.

(b) The number of scientific papers published 
in Physical Review since the journal’s 
funding. The increasing number of papers 
drives the growth of both the science col-
laboration network as well as of the cita-
tion network shown in the figure. 

(c) Number of movies listed in IMDB.com, 
driving the growth of the actor network.

Figure 5.1

The Growth of Networks
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(b)

(c)
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if we wish to model these networks, we 
cannot resort to a static model. Our modeling 
approach must instead acknowledge that 
networks are the product of a steady growth 
process. 

First ingredient: 
Growth/time

Second ingredient: 
Not all links are equally likely! 
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Network heterogeneity
Microscopic mechanisms for macroscopic observables

In static ensemble models (last lecture) we defined network by constraints 
In evolving/growing network, we define growth rules and look for asymptotic stationary behaviour

(1) Networks continuously expand by the addition of new nodes  
WWW : addition of new documents 

(2) New nodes prefer to link to highly connected nodes.   
(WWW : linking to well known sites)

GROWTH: 
At each timestep we add a new node with m (≤ ) links that 
connect the new node to m nodes already in the network. 

PREFERENTIAL ATTACHMENT: 
the probability that a node connects to a node with k links is 
proportional to k. 

m0

Π(ki) =
ki

∑j kj

Barabasi-Albert network model



Barabasi-Albert model
Degree dynamics

dki

dt
= mΠ(ki) = m

ki

∑N−1
j=1 kj
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Barabási, Albert-László, Réka Albert, and Hawoong Jeong. "Mean-field theory for scale-free random networks." Physica A: Statistical Mechanics and its 
Applications 272.1-2 (1999): 173-187.

180 A.-L. Barab!asi et al. / Physica A 272 (1999) 173–187

Fig. 4. (a) Connectivity distribution of the BA model, with N =m0 + t = 300 000 and m0 =m= 1 (circles),
m0 = m = 3 (squares), m0 = m = 5 (diamonds) and m0 = m = 7 (triangles). The slope of the dashed line
is ! = 2:9. The inset shows the rescaled distribution (see text) P(k)=2m2 for the same values of m, the
slope of the dashed line being ! = 3. (b) P(k) for m0 = m = 5 and system sizes N = 100 000 (circles),
N =150 000 (squares) and N =200 000 (diamonds). The inset shows the time-evolution for the connectivity
of two vertices, added to the system at t1 = 5 and t2 = 95. Here m0 =m= 5, and the dashed line has slope
0:5, as predicted by Eq. (6).

After t timesteps the model leads to a random network with N = t + m0 vertices
and mt edges. As Fig. 4a shows, this network evolves into a scale-invariant state,
the probability that a vertex has k edges following a power law with an exponent
!model = 2:9 ± 0:1. The scaling exponent is independent of m, the only parameter in
the model. Since the power law observed for real networks describes systems of rather
di!erent sizes at di!erent stages of their development, one expects that a correct model
should provide a distribution whose main features are independent of time. Indeed, as
Fig. 4b demonstrates, P(k) is independent of time (and, subsequently, independent of
the system size N = m0 + t), indicating that despite its continuous growth, the system
organizes itself into a scale-free stationary state.
We next describe a method to calculate analytically the probability P(k), allowing us

to determine exactly the scaling exponent !. The combination of growth and preferential
attachment leads to an interesting dynamics of the individual vertex connectivities.
The vertices that have the most connections are those that have been added at the
early stages of the network development, since vertices grow proportionally to their
connectedness relative to the rest of the vertices. Thus, some of the oldest vertices have
a very long time to acquire links, being responsible for the high-k part of P(k). The

dynamical exponent



Barabasi-Albert model
Degree distribution: simple derivationSection 5.3

13THE BARABÁSI-ALBERT MODEL

(a) The growth of the degrees of nodes added 
at time t =1, 10, 102, 103, 104, 105 (continuous 
lines from left to right) in the Barabási-Albert 
model. Each node increases its degree follow-
ing (5.7). Consequently at any moment the old-
er nodes have higher degrees. The dotted line 
corresponds to the analytical prediction (5.7) 
with ȕ�= 1/2.

(b) Degree distribution of the network after 
the addition of N = 102, 104, and 106 nodes, i.e. 
at time t = 102, 104, and 106 (illustrated by ar-
rows in (a)). The larger the network, the more 
obvious is the power-law nature of the degree 
distribution. Note that we used linear binning 
for pk to better observe the gradual emergence 
of the scale-free state.

Figure 5.6

Degree Dynamics
(a)

(b)
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12THE BARABÁSI-ALBERT MODEL

We call ȕ the dynamical exponent and has the value 

Equation (5.7) offers a number of predictions:

• The degree of each node increases following a power-law with the 
same dynamical exponent�ȕ�=1/2 (Figure 5.6a). Hence all nodes follow 
the same dynamical law.

• The growth in the degrees is sublinear (i.e. ȕ < 1). This is a consequence 
of the growing nature of the Barabási-Albert model: Each new node has 
more nodes to link to than the previous node. Hence, with time the ex-
isting nodes compete for links with an increasing pool of other nodes.

• The earlier node i was added, the higher is its degree ki(t). Hence, hubs 
are large because they arrived earlier, a phenomenon called first-mov-
er advantage in marketing and business.

• The rate at which the node i acquires new links is given by the deriva-
tive of (5.7)

indicating that in each time frame older nodes acquire more links (as 
they have smaller ti). Furthermore the rate at which a node acquires 
links decreases with time as t−1/2. Hence, fewer and fewer links go to a 
node. 

In summary, the Barabási-Albert model captures the fact that in real 
networks nodes arrive one after the other, offering a dynamical descrip-
tion of a network’s evolution. This generates a competition for links during 
which the older nodes have an advantage over the younger ones, eventual-
ly turning into hubs.

1
2β =

dk t
dt

m
t t

( )
2

1 .i

i
� (5.8)

DEGREE DYNAMICS

,

BOX 5.2
TIME IN NETWORKS
As we compare the predictions of the 
network models with real data, we 
have to decide how to measure time 
in networks. Real networks evolve 
over rather different time scales: 

World Wide Web
The first webpage was created in 
1991. Given its trillion documents, 
the WWW added a node each milli-
second (10-3 sec). 

Cell
The cell is the result of 4 billion years 
of evolution. With roughly 20,000 
genes in a human cell, on average 
the cellular network added a node 
every 200,000 years (~1012 sec). 

Given these enormous time-scale 
differences it is impossible to use 
real time to compare the dynamics 
of different networks. Therefore, in 
network theory we use event time, 
advancing our time-step by one each 
time when there is a change in the 
network topology. 

For example, in the Barabási-Albert 
model the addition of each new node 
corresponds to a new time step, 
hence t=N. In other models time 
is also advanced by the arrival of a 
new link or the deletion of a node. 
If needed, we can establish a direct 
mapping between event time and 
the physical time.

k mt m2 .
j

N

j
1

1
∑ = −
=

−

ki(t) = m ( t
ti )

β

β =
1
2

A node i can come with equal probability any time between ti=m0 and t, hence: 

ti < t ( m
k )

1/β
== Number of nodes with degree larger than k 

N = m0 + t ∼ tThere are overall

So the probability that a random node has degree k or less is:

P(k) ∼ 1 − ( m
k )

1/β

pk ∼
∂P(k)

∂k
=

1
β

m1/β

k1/(β+1)

pk ∼ 2m2k−3 β =
1
2

This is great but there are errors in the coefficient
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Barabasi-Albert model
Rate-equation derivation
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< N(k, t) >= tP (k, t)Number of degree k nodes at time t: 

Number of links added to degree k nodes after the arrival of a new node: 
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(N + 1)P (k, t+ 1) = NP (k, t) +
k � 1
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2
P (k, t)

Loss of k nodes via k to k+1 k-nodes at time t+1 # k-nodes at time t Gain of k nodes via k-1 to k 

We do not have k=0,1,...,m-1 nodes in the network (each node arrives with degree m)
Requires separate equation for degree m nodes. 
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Barabasi-Albert model
Rate-equation derivation

Impose stationarity!
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Krapivsky, Redner, Leyvraz, PRL 2000, Dorogovtsev, Mendes, Samukhin, PRL 2000, Bollobas et al, Random Struc. Alg. 2001 
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Barabasi-Albert model
Rate-equation derivation
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NUMERICAL SIMULATION OF THE BA MODEL
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DEGREE DISTRIBUTION
SECTION 5.4

The distinguishing feature of the networks generated by the Barabá-
si-Albert model is their power-law degree distribution (Figure 5.4). In this 
section we calculate the functional form of pk, helping us understand its 
origin. 

We can use a number of analytical tools to calculate the degree distri-
bution of the Barabási-Albert network. The simplest is the continuum theo-
ry that we started developing in the previous section [1, 11]. It predicts that 
the degree distribution follows (BOX 5.3),

with

Therefore the degree distribution follows a power law with degree ex-
ponent Ȗ=3, in agreement with the numerical results (Figures 5.4 and 5.7). 
Moreover (5.10) links the degree exponent, Ȗ, a quantity characterizing the 
network topology, to the dynamical exponent ȕ that characterizes a node’s 
temporal evolution, revealing a deep relationship between the network's 
topology and dynamics. 

While the continuum theory predicts the correct degree exponent, it 
fails to accurately predict the pre-factors of (5.9). The correct pre-factors 
can be obtained using a master [12] or rate equation [13] approach or cal-
culated exactly using the LCD model [10] (BOX 5.2). Consequently the exact 
degree distribution of the Barabási-Albert model is (ADVANCED TOPICS 5.A)

Equation (5.11) has several implications:

• For large k (5.11) reduces to pk~ k-3, or Ȗ = 3, in line with (5.9) and (5.10).

• The degree exponent Ȗ is independent of m, a prediction that agrees 

(5.9)

(5.10)

(5.11)

p k m k( ) ~ 2 1/β γ−

1 1 3.γ
β

= + =

p m m
k k k

2 ( 1)
( 1)( 2)k =

+
+ +

(a) We generated networks with N=100,000 
and m0=m=1 (blue), 3 (green), 5 (grey), and 7 
(orange). The fact that the curves are parallel 
to each other indicates that�Ȗ� is independent 
of m and m0. The slope of the purple line is -3, 
corresponding to the predicted degree expo-
nent Ȗ �.  Inset: (5.11) predicts pk~2m2, hence 
pk/2m2 should be independent of m. Indeed, 
by plotting pk/2m2 vs. k, the data points shown 
in the main plot collapse into a single curve.

(b) The Barabási-Albert model predicts that 
pk is independent of N. To test this we plot pk 
for N = 50,000 (blue), 100,000 (green), and 
200,000 (grey), with m0=m=3. The obtained pk 
are practically indistinguishable, indicating 
that the degree distribution is stationary, i.e. 
independent of time and system size.
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DEGREE DISTRIBUTION
SECTION 5.4

The distinguishing feature of the networks generated by the Barabá-
si-Albert model is their power-law degree distribution (Figure 5.4). In this 
section we calculate the functional form of pk, helping us understand its 
origin. 

We can use a number of analytical tools to calculate the degree distri-
bution of the Barabási-Albert network. The simplest is the continuum theo-
ry that we started developing in the previous section [1, 11]. It predicts that 
the degree distribution follows (BOX 5.3),

with

Therefore the degree distribution follows a power law with degree ex-
ponent Ȗ=3, in agreement with the numerical results (Figures 5.4 and 5.7). 
Moreover (5.10) links the degree exponent, Ȗ, a quantity characterizing the 
network topology, to the dynamical exponent ȕ that characterizes a node’s 
temporal evolution, revealing a deep relationship between the network's 
topology and dynamics. 

While the continuum theory predicts the correct degree exponent, it 
fails to accurately predict the pre-factors of (5.9). The correct pre-factors 
can be obtained using a master [12] or rate equation [13] approach or cal-
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Barabasi-Albert model
Validation



Barabasi-Albert model
Necessity of ingredients: growth
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Barabasi-Albert model
Necessity of ingredients: preferential attachment
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Do we need both growth and preferential attachment? 
YEP. 

Barabasi-Albert model
Necessity of ingredients?



Barabasi-Albert model
Non-linear preferential attachments

Π(k) =
kα

t∑k kαpk(t)



Π(k) =
kα

t∑k kαpk(t)

Barabasi-Albert model
Non-linear preferential attachments

Explicit derivation in Barabasi’s book Sec 5.14

http://networksciencebook.com/chapter/5#advanced-b-5-14


Barabasi-Albert model

Multiple questions:
- why preferential attachment depends on k? 
- Why linearly? 
- Global (optimum) versus local (random) mechanisms?



Barabasi-Albert model
Potential local mechanisms: link model

• Growth: At each time step we add a new node 
to the network.
• Link Selection: We select a link at random and 

connect the new node to one of the two nodes 
at the two ends of the selected link.
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simplest example of a local mechanism 
that generates a scale-free network 
without preferential attachment

lacks a built-in Π(k) function. 
Yet, it generates preferential 
attachment.

probability qk that the node at the end of a randomly chosen link has degree k

Linear in k: pref attachment



Barabasi-Albert model
Potential local mechanisms: copy model

•Random Connection: With probability p the new node links to u, 
which means that we link to the randomly selected web 
document.
•Copying: With probability 1-p we randomly choose an outgoing 

link of node u and link the new node to the link’s target. In other 
words, the new webpage copies a link of node u and connects 
to its target, rather than connecting to node u directly.

Π(k) =
p
N

+
1 − p

2L
k

probability of selecting a degree-k node



Barabasi-Albert model
Properties: diameter

d ∼
ln N

ln ln N



Barabasi-Albert model
Properties: clustering

Node l with degree k_l has a number of triangles:

time when node j arrived with tj = j
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Summary
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ment function build into them, yet they do lead to a scale-free network. 
Upon closer inspection it turns out that they in fact generate a linear Ȇ(k). 
This finding illustrates a more general pattern: To date all known models 
and real systems that are scale-free have been found to generate preferen-
tial attachment. Hence the basic mechanisms of the Barabasi-Albert model 
appear to capture the origin of their scale-free topology.

The Barabási-Albert model is unable to describe many characteristics 
of real systems:

• The model predicts Ȗ=3 while the degree exponent of real networks 
varies between 2 and 5 (Table 4.2).

• Many networks, like the WWW or citation networks, are directed, 
while the model generates undirected networks.

• Many processes observed in networks, from linking to already exist-
ing nodes to the disappearance of links and nodes, are absent from 
the model.

• The model does not allow us to distinguish between nodes based on 
some intrinsic characteristics, like the novelty of a research paper or 
the utility of a webpage. 

• While the Barabási-Albert model is occasionally used as a model of the 
Internet or the cell, in reality it is not designed to capture the details of 
any particular real network. It is a minimal, proof of principle model 
whose main purpose is to capture the basic mechanisms responsible 
for the emergence of the scale-free property. Therefore, if we want to 
understand the evolution of systems like the Internet, the cell or the 
WWW, we need to incorporate the important details that contribute 
to the time evolution of these systems, like the directed nature of the 
WWW, the possibility of internal links and node and link removal. 

As we show in CHAPTER 6, these limitations can be systematically re-
solved. 

BOX 5.5 
AT A GLANCE:
BARABÁSI-ALBERT MODEL

Number of Nodes

N = t

Number of Links

N = mt

Average Degree

2m = ࢮkࢭ

Degree Dynamics
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Degree Distribution
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Degree Exponent

Ȗ = 3

Average Distance
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Clustering Coefficient
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Barabasi-Albert model
Summary 

- Power law with exp -3
- Ultrasmall world
- Undirected 
- Vanishing clustering 

- Does not capture:
- variations in the shape of the degree distribution 
- variations in the degree exponent
-  size-independent clustering coefficient 

- No other realistic methods:
-  Link deletion
- Internal links 
- Ageing… 
- Fitness



Beyond Barabasi-Albert model
The Bianconi-Barabasi fitness model

BA model: first mover advantage! 
Can latecomers make it? Fitness model!
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Beyond Barabasi-Albert model
Derivation degree distribution
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Beyond Barabasi-Albert model
Fitness examples: uniform fitness
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Beyond Barabasi-Albert model
Fitness examples: equal fitness

?



Beyond Barabasi-Albert model
Limitations and extensions

Section 5
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FIG. 6.15
           Elementary Processes Affecting the Network Topology

Section 6 summary



Introduction to network correlations
Homophily and Assortative 

Mixing



Introduction to network correlations

Assortative:  like is associated with like

Homophily: This is not news to sociologists, who have long observed and discussed such divisions. 

Disassortative:  like is associated with not-like



Enumerative assortativity

Given ci class or type of vertex i (1,...,nc = total number of classes), then the total number of edges that 
run between vertices of the same type is: 

However, we want to control for the random expectation of the mixing: 
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Modularity: It is strictly less than 1, takes positive values if there are more edges between vertices of the same type 
than we would expect by chance, and negative ones if there are less. 
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Enumerative assortativity
How can we normalise it?
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Obtained for full mixing:

Assortativity coefficient



Scalar assortativityAssortative Mixing by Scalar Characteristics

Assortative Mixing by Scalar Characteristics

Previous approach not useful. A better approach is 
to use a covariance measure as follows.

 Let xi be the value for vertex i of the scalar quantity 
(age, income, etc.) that we are interested in. 
Consider the pairs of values (xi, xj) for the vertices 
at the ends of each edge (i, j) in the network and let 
us calculate their covariance over all edges as 
follows. We define the mean μ of the value of xi at 
the end of an edge thus:
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P
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P
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2m

X

i

kixi

Assortative Mixing by Scalar Characteristics

Note that this is not simply the mean value of xi averaged over all vertices. It is an average 
over edges, and since a vertex with degree ki lies at the ends of ki edges it appears ki 
times in the average (hence the factor of ki in the sum). The covariance of xi and xj over 
edges is:

cov(xi, xj) =

P
ij Aij(xi � µ)(xj � µ)

P
ij Aij

=
1

2m

X

ij

(Aij �
kikj
2m

)xixj

The covariance will be positive if values  xi, xj at either end of an edge tend to be 
both large or both small and negative if they tend to vary in opposite directions. In other 
words, the covariance will be positive when we have assortative mixing and 
negative for disassortative mixing. 
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Degree correlations

It can be misleading when: 
- complicated behavior of the correlation functions (non-monotonous behavior)
- Pearson coefficient gives a larger weight to the more abundant degree classes

Degree assortativity coefficient

Average nearest neighbour degree
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Degree correlations

If degrees of neighboring vertices are uncorrelated, P(k′|k) is only a function of k′ and 
thus knn(k) is a constant. In the presence of correlations, the behavior of knn(k) identifies 
two general classes of networks (see Figure). If knn(k) is an increasing function of k, 
vertices with high degree have a larger probability of being connected with large degree 
vertices. This corresponds to an assortative mixing. On the contrary, a decreasing 
behavior of knn(k) defines a disassortative mixing, in the sense that high degree vertices 
have a majority of neighbors with low degree, while the opposite holds for low degree 
vertices. 

Assortative Mixing by Degree

What are the possible scenarios?
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Degree correlations
How do we decide what’s expected? 

Assume uncorrelated network:



Degree correlations
Origins: real or structural ?

Degree Preserving Randomization with Simple Links (R-S)
We apply degree-preserving randomization to the original network and at each step we make sure that we do not permit more than one link between a 
pair of nodes. On the algorithmic side this means that each rewiring that generates multi-links is discarded.

Degree Preserving Randomization with Multiple Links (R-M)
For a self-consistency check it is sometimes useful to perform degree-preserving randomization that allows for multiple links between the nodes. On 
the algorithmic side this means that we allow each random rewiring, even if it leads to multi-links



Degree correlations
Origins: real or structural ?



Origins of scale-free distributions
Growing networks

Assortativity and correlations
“Robustness”

Recap today’s topics 

Models Concepts

Barabasi-Albert model
Bianconi-Barabasi model

Link/Copying model 

Next time

Percolation!
Spectral properties

Random Walks


